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Abstract. We express the real period of a family of elliptic curves in terms of classical hy- 
pergeometric series. This expression is analogous to a result of Ono which relates the trace of 
Frobenius of the same family of elliptic curves to a Gaussian hypergeometric series. This anal- 
ogy provides further evidence of the interplay between classical and Gaussian hypergeometric 
series. 



In [7], Greene introduced the notion of general hypergeometric series over finite fields or 
Gaussian hypergeometric series, which are analogous to classical hypergeometric series. The 
motivation for his work was to develop the area of character sums and their evaluations through 
parallels with the theory of hypergeometric functions. The basis for this parallel was the analogy 
between Gauss sums and the gamma function as discussed in O [TTl [lH [20] . 

Since then, the interplay between ordinary hypergeometric series and Gaussian hypergeomet- 
ric series has played an important role in character sum evaluations [10], super congruences |15j . 
finite field versions of the Lagrange inversion formula [8] and the representation theory of SL(2, 
M) [9]. Recently, the author in [18j has further developed this interplay by providing an expres- 
sion for the real period of an elliptic curve in Legendre normal form in terms of an ordinary 
hypergeometric series. This formula is analogous to an expression for the trace of Frobenius 
of the curve in terms of a Gaussian hypergeometric series. He then displays a striking analogy 
between binomial coefficients involving rational numbers and those involving multiplicative char- 
acters. This paper examines this analogy further using a different family of elliptic curves and is 
organized as follows. In Section 2 we outline this analogy and state our results. Section 3 recalls 
some properties of ordinary hypergeometric series, elliptic curves and the arithmetic-geometric 
mean. In Section 4 we prove our results. 



where ai, hi and z are complex numbers, with none of the hi being negative integers or zero, 
p and q are positive integers, {a)^ := 1 and (o)^ := a(o -|- l)(o -|- 2) • • • (a -|- n — 1) for positive 
integers n. 



1. Introduction 



2. Statement of Results 



We recall that the ordinary hypergeometric series pFq is defined by 




n! 
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Let Fp denote the finite field with p elements. We extend the domain of all characters x of 
F* to Fp, by defining x(0) := 0. We now introduce two definitions from [7]. The first definition 

is the finite field analogue of the binomial coefficient. For characters A and B of Fp, define 

by 

where J(X) A) denotes the Jacobi sum for x ™d A characters of Fp. The second definition is 
the finite field analogue of ordinary hyper geometric series. For characters Aq,Ai,... ,An and 
Bi, . . . , Bn of Fp and x S Fp, define the Gaussian hypergeometric series by 

^Oi ^1; • • • ) 



Bl, . . . , Bn 



where the summation is over all characters x on Fp. In the case where Ai = <j)p, the quadratic 
character mod p, for all i and Bj = ep, the trivial character mod p, for all j we denote this by 
)p for brevity. 

We now briefly recall some facts about elliptic curves. For further details see [12], [T3j and 
[19| . Recall that every elliptic curve E/C can be written in the form 

(2.2) y2 ^ _ _ ^ 



ip{z) 



with g2, 33 G C. We can associate a period lattice A to £^ via the biholomorphic mapping if : 
C/A E{C) given by 

[ {p{z),p'{z),l) for z^A, 

\ (0,1,0) for z G A, 

where p is the Weierstrass p-function. U §2, gs G then A can be chosen to be of the form 
A = n{E)Z + n'{E)Z where n{E) E M and Q'iE) G C. We cah n{E) the real period of E. 
Furthermore, if the right-hand side of ()2.2p has three real roots then Q'(E) will be strictly 
imaginary. 

Consider an elliptic curve E/Q in Weierstrass form 

E : + aixy + a^y = + a2X^ + 042; + ag 
where Oj € Q. Defining the quantities 

62 := ai^ + 4a2, 64 := 204 + aias, := ^3^ + 4a6, 

and 

63 := ai'aQ + 4a2a6 — 010304 + 0203^ — 04^, 
the discriminant of E, ^{E), is given by 

A{E) = -b2%s - 864^ - 2766^ + ^h2bibQ. 

Let E denote the reduction of E mod p. Recall that if p f A(E') then E has good reduction 
{E/Q is an elliptic curve) and we say p is a prime of good reduction. We define the integer 
ap{E) by 

ap{E) ■.= l+p-Np, 
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where Np is the number of rational points on E over Fp (including the point at infinity). When p 
is a prime of good reduction, we refer to ap{E) as the trace of Frobenius as it can be interpreted 
as the trace of the Frobenius endomorphism on E. Furthermore, if E is given by = f{x) then 

(2.3) ap{E) = -Yl Mfi^)) ■ 

Consider the family of elliptic curves Ex/Q defined by 

Ex:y^ = {x-l)ix^ + X), AgQ\{0,-1}. 

Ono [16, Thm. 5], (see also [iTl Chapter 11]), proved that if A G Q \ {0, —1} and p is an odd 
prime for which ordp(A(A + 1)) = then 



(2.4) 3F2 



1 + A\ _(l)p{-X){ap{Exf -p) 



i2 



Note that a change of variables in Theorem 5 of pLGj is required to arrive at (j2.4p (see also [6l 
Thm. 4.4]). The condition ordp(A(A + 1)) =0 ensures that p is a prime of good reduction and 
so ap{Ex) is the trace of Frobenius. Using the following property of Gaussian hypergeometric 
series (see |7j Thm. 4.2]) 

3^2^^^ = (Pp{-t)^F2{t)p , 



3F2 



we transform (j2.4p to get 



A \ _ c^p{l + X) [ap{Ex? - p) 



l + A/p p 



2 



We would like to prove an analogous formula which replaces the Gaussian hypergeometric 
series with the classical hypergeometric series and trace of Frobenius with the real period Vt{Ex)- 
In [18] this analogy is based on replacing characters of order n in the Gaussian hypergeometric 
series with 1/n as the arguments in the classical hypergeometric series, (/'p(s) with ^/s and 
(t)p{—l)p with vr. This would suggest 



(2.5) 



111 
2' 2' 2 

1, 1 



A \ VTTA ^{Ex? .VTTA 



i- 



1 + A 7 vr^ vr 



as an appropriate analogy. The main result of this paper extends the analogy in [18] by taking 
the real part of the right-hand side of (j2.5p . This extension is consistent with the results in [18] . 



Theorem 2.1. Let Ex be the elliptic curve defined by 

Ex-.y^ = {x-l){x^ + X), AgM\{0,-1}. 

Then for A > 0, 

111 A ^^ _ y/T+A ^{Exf 

2 ' 



where ^l{Ex) is the real period of Ex- 



1 + A 7 n 
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Note that the analogy in [18j also contained a factor of —1 which the author explains is inherent 
in the definition of Gaussian hyper geometric series. This may be better explained by the — 1 
preceding the character sum expression for a,p[E\) in (12. 3p . which disappears upon squaring. 
(The real period can be expressed as an elliptic integral which is somewhat analogous to (12. 3p 
but without the minus sign). Therefore we suggest a further refinement which would see ap{E\) 
being replaced with —Q{Ex). 

We now specialize the curve by choosing A = 1/3. We then use a known transformation 
of the hypergeometric series in terms of the gamma function to simplify the expression as a 
binomial coefficient. We extend the interpretation of the binomial coefficient to include rational 
arguments via 

"n\ T(n + 1) 



^kJ T{k + l)T{n-k + l) 
Our result is as follows. 

Corollary 2.2. Let Ei be the elliptic curve defined by 

3 

El : = {x - l)ix^ + ^) . 

Then 

'-f-niE,)- 

Stt 3 
and 

V2.f)(i^i) = Iii|gil 



3 



where il.(Ei) is the real period of Ei. 

3 3 

We now find an analogous result in terms of the trace of Frobenius and the binomial coefficient 
of characters, as defined in ()2.ip . which we can also express in terms of Gauss sums. 

Theorem 2.3. Let Ei be the elliptic curve defined by 

3 

Ei:y^ = {x- l)ix'^ + i) . 

Then for p a prime with p > 3, 

(2.6) -Mz^.aJEi) = 2Re^^^ 

P '^3 

and 

(2.7) - (I)pi2) ■ ap{Ei) = 2Re 



Gix3 <Pp) 



where ap{Ei) is the trace of Frobenius of Ei, xs is a character of order three of¥p and G{x) is 
a Gauss sum. 

Again the analogy is achieved by replacing Q(Ei) with —ap{Ei), ^/s with (ppis), vr with (f)p{—l)p, 
rational numbers with characters and taking the real part of the terms involving characters. We 
now also replace the gamma function with the Gauss sum in the second result, which is what 
we would expect. The analogy holds up to a factor of 2 (which also appears in [18j). This might 
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be explained as follows. It should be possible to express the trace of Frobenius in terms of a 
2F1 Gaussian hypergeometric series which in turn could be expressed as a Jacobi sum plus its 
conjugate, using Theorem 4.16 in [7], which would evaluate as two times its real part. However, 
we do not investigate this here. 



3. Preliminaries 

We first recall some properties of ordinary hypergeometric series. In particular we recall that 
a 2F1 has the following integral representation [H page 115 (7)]: 

■i (sini)'''-ncost)2^-2fe-i 



(3.1) 



2F1 



2r c 



(1 - zsin^tY 



-dt 



mnc-b) 

where Re c > Re b > 0. We also note three transformation properties which we will use in 
Section 4. From [4, page 111 (10)] we have that 



a + b + 



(3.2) 2F1 
from [P, Entry 33(iii)] that 

(3.3) 3F2 



2r\ 



2a, 



2b 

a + b + 



^(1 



Z)2 



1 1 
2' 2' 

1, 







' 1 1 






2FI ( 


4' 4 
1 


^)] 



and from [H page 105 (3)] that 

a, b 
c 



(3.4) 



iFi 



(1 - z)-^Fi 



c-b 
c 



1 



These transformations are valid for all values of z for which the series involved converge. 

We now recall the definition of the Arithmetic-Geometric Mean. Given two positive real 
numbers a and P, the Arithmetic-Geometric Mean of a and /?, denoted AGM(a,/3), is defined as 
the common limit of the two sequences a„ and /3„ where ao := a, /3o := (3, a„+i := («„ -|-/3„)/2 
and f3n+i '■= V'^nPn- The AGM can be expressed as an integral ([3l page 390]) which can be 
transformed into a hypergeometric series as follows. 



(3.5) 



TT 



AGM{a,P) 



dt 



\/ cos^ t + sin^ t 
2 



2a 



2a 



a 



-1 



cos t + 



sin^ t 



dt 



sin^ t 



dt 



TT 2F1 



The last step in (j3.5p follows from (j3.ip with a = 6= ^,c=l and z = 1 - 

Next we introduce the notion of a quadratic twist of an elliptic curve. Let 
curve defined by 

E : = + ax^ -\-bx + 



be an elliptic 
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with a,b,c £ Q. If i is a square-free integer, then the t-quadratic twist of E, which we denote 
Et, is defined by 

Et:y'^ = x^ + atx^ + bt^x + ct^ . 
If p is a prime of good reduction for both E and Et and gcd(p, 6)=1, then 

(3.6) ap{E) = ct>p{t) ap{Et). 

We now mention a result which we will use in the proof of Theorem 12.31 As it follows from 
well-known properties of Jacobsthal sums (see Sections 6.1 and 6.2 in [2j) we omit the proof. 

Proposition 3.1. 

2a if p = 1 (mod 3), where p = a? + 36^ and a = —1 (mod 3), 
if p = 2 (mod 3) . 



4. Proofs of Theorem 12.11 Corollary 12.21 and Theorem 12.31 

Proof of Theorem \2.1\ Making the change of variable y i-^ | in E\ yields 

E',^:y^ = A{x-l){x^ + X). 

For A > 0, we note that 4(x — l)(x^ + A) = has one real root. The real period ^^(-E'a) is then 
given by [U page 391] 



AGM{2Vh, ^/2bTa) ' 



where a = 2 and h = \/l + A. Using (j3.5p we get 

.1 /II 



Now applying equation (|3.2|) with a = h = ^ and z = we get 



(4.1) J7(i^A) = [Vl + X) TT 2F1 M' 4 



4 "^^^ ^ ~ 1+A 

.1 /II 

2 



1 + A 



We note that the condition A > implies that these hyper geometric series converge. Squaring 
both sides and applying (13. 3p yields the result. □ 

Proof of Corollary \2.SX Transforming the hypergeometric series on the right-hand side of ()4.ip 
using (j3.4p . with a = b = \ and z = we see that for < A < 1, 

^{Ex) = ^2Fi^ ^' ^ 



1 

Now letting A = i and noting that 



2Fl[ 4' 4 



2^2 r(i)r(|) ' 

(see [H page 104 (53)] with a = — j), the first result follows. The second result then follows 
upon recalling that r(l + x) = x T(x) and r(^)^ = it. □ 
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(4.2) - i • </.p(2) • ap(i?i) = Re[J(x3,</'p)] • 

We now evaluate ap{Ei). A similar calculation appears in [TB] although we present our result 
slightly differently. Making the change of variables {x,y) ^ (f + 5) ^) -^i yields 

3 



This is the — 6-quadratic twist of = + 1. Therefore, applying (j2.3|) and (|3.6|) . noting that 
for p > 3, gcd(p, 6)=1 and p is a prime of good reduction for both y'^ = + 1 and E' i, we get 



ap{Ei) = ap{E'i) = -</.p(-6) ^ + 1) 



Using Proposition 13.11 and the fact that </>p(— 3) = 1 if and only if p = 1 (mod 3) we get 



^■(f>p{2)-ap{Ei 



a if p = 1 (mod 3), where p = + 36^ and a = —1 (mod 3), 
if p = 2 (mod 3) . 



Next we examine the right-hand side of (|4.2p . We first note that 

J{X3,4>p) = ^ X3{x)(t>p{l 



X) 



If p = 2 (mod 3) then Xsi^) = 1 for ^ ^ ^p- Therefore, 



J{X3, (t>p) = ^ M'^ - x) = 
xeWp 
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li p = 1 (mod 3), then 



Re[J(x3,(Ap)] = Re 



xeWp 



- x) + Re 



Y X3(a;)</'p(l - x) 

x€¥*\¥f 
x<^¥* xe¥*\¥f 



i Y - 

i Y M^' + 1) 



xeF;\F;3 

-^-\Ym^ 



X 



x&t 



x&„ 



= a (by Proposition (|3.ip ) 

where p = + 36^ and a = — 1 (mod 3), which completes the proof of (j2.6p . Expanding the 
right-hand side of (|2.6p using (|2.ip , and then using the fact that 



G{x)G{^) 



G(xV') 

where J(x, V') and G(x) are Jacobi and Gauss sums respectively, (j2.7p follows. 



□ 



5. Remark 

It is worth noting that if E/M. is an elliptic curve and E{K) has a single connected component 
then E is isomorphic to either E\^ as defined in Theorem 12. H or its —1 quadratic twist. Hence, 
Theorem 12.11 provides a formula for the real period of E in this case. If £^(M) has two connected 
components then E is isomorphic to an elliptic curve in Legendre normal form, E' x : = 
x{x — l)(x — A), for some A G R \ {0, 1}. This is the case covered in [18]. 



6. ACKNOWLEDGEMENTS 



The author would like to thank Robert Osburn for his advice during the preparation of this 
paper and the UCD Ad Astra Research Scholarship program for its financial support. 



3^2 HYPERGEOMETRIC SERIES AND PERIODS OF ELLIPTIC CURVES 



9 



References 

[1] B. Berndt, Ramanujan's notebooks, part II, Springer- Vcrlag, NewYork, 1989. 

[2] B. Berndt, R. Evans, K. Williams, Gauss and Jacobi Sums, Canadian Mathematical Society Series of Mono- 
graphs and Advanced Texts, A Wiley-Interscience Publication, John Wiley & Sons, Inc., New York, 1998. 

[3] H. Cohen, A course in computational algebraic number theory. Graduate Texts in Mathematics, 138, Springer- 
Verlag, Berlin, 1993. 

[4] A. Erdelyi et al, Higher transcendental functions. Vol 1, McGraw-Hill, New York, 1953. 
[5] R. Evans, Identities for products of Gauss sums over finite fields, Enseign. Math. (2) 27 (1981), no. 3-4, 
197-209 (1982). 

[6] S. Frechette, K. Ono, and M. Papanikolas, Gaussian hypergeometric functions and traces of Hecke operators. 

Int. Math. Res. Not. 2004, no. 60, 3233-3262. 
[7] J. Greene, Hypergeometric functions over finite fields. Trans. Amer. Math. Soc. 301 (1987), no. 1, 77-101. 
[8] J. Greene, Lagrange inversion over finite fields. Pacific J. Math. 130 (1987), no. 2, 313 325. 
[9] J. Greene, Hypergeometric functions over finite fields and representations o/SL(2,g), Rocky Mountain J. 

Math. 23 (1993), no. 2, 547-568. 
[10] J. Greene, D Stanton, A character sum evaluation and Gaussian hypergeometric series, J. Number Theory 

23 (1986), no. 1, 136-148. 

[11] K. Ireland, M. Rosen, A classical introduction to modem number theory, 2nd ed.. Graduate Texts in Mathe- 
matics, 84, Springer- Verlag, New York, 1990. 

[12] A.W. Knapp, Elliptic Curves, Mathematical Notes, 40, Princeton University Press, Princeton, New Jersey, 
1992. 

[13] N. Koblitz, Introduction to elliptic curves and modular forms, 2nd ed.. Graduate Texts in Mathematics, 97, 

Springer- Verlag, New York, 1984, 1993. 
[14] N. Koblitz, The number of points on certain families of hypersurfaces over finite fields, Compositio Math. 

48 (1983), no. 1, 3-23. 

[15] E. Mortcrison, Supercongruences for truncated n+iFn hypergeometric series with applications to certain weight 

three newforms, Proc. Amer. Math. Soc. 133 (2005), no. 2, 321-330. 
[16] K. Ono, Values of Gaussian hypergeometric series, Trans. Amer. Soc, 350 (1998), 1295-1223. 
[17] K. Ono, The web of modularity: arithmetic of the coefficients of modular forms and q-series, CBMS Regional 

Conference Series in Mathematics, 102, Amer. Math. Soc, Providence, RI, 2004. 
[18] J. Rouse, Hypergeometric functions and elliptic curves, Ramauujan Journal, 12 (2006), no. 2, 197-205. 
[19] J. Silverman, The arithmetic of elliptic curves. Graduate Texts in Mathematics, 106, Springer- Verlag, New 

York, 1986. 

[20] K. Yamamoto, On a conjecture of Hasse concerning multiplicative relations of Gaussian sums, J. Combina- 
torial Theory 1 1966 476 489. 

School of Mathematical Sciences, University College Dublin, Belfield, Dublin 4, Ireland 
E-mail address: dermot.mc-carthySucdconnect.ie 



